In this paper, we study the reconstruction problem of the holomorphic tangent bundle T P 2 of the complex projective plane P 2 . We introduce the notion of tropical Lagrangian multi-section and cook up one from a family of Hermitian metrics defined on T P 2 . Then we perform the reconstruction of T P 2 from this tropical Lagrangian multi-section. Walling-crossing phenomenon will occur in the reconstruction process.
Introduction
Mirror symmetry is a duality between symplectic geometry and complex geometry. The first mathematical approach towards understanding mirror symmetry was due to Kontsevich [28] in 1994. He suggested that mirror symmetry could be phrased as an equivalence between two triangulated categories, namely, the derived Fukaya category on the symplectic side and the derived category of coherent sheaves on the complex side; this is known as the homological mirror symmetry (HMS) conjecture.
Two years later, Strominger, Yau and Zaslow proposed an entirely geometric approach to explain mirror symmetry, which is now known as the SYZ conjecture [34] . Roughly speaking, the SYZ conjecture states that mirror symmetry can be understood as a fiberwise duality between two special Lagrangian torus fibrations; moreover, symplectic-(resp. complex-)geometric data on one side can be transformed to complex-(resp. symplectic-)geometric data on the mirror side by a fiberwise Fourier-Mukai-type transform, which we call the SYZ transform.
The SYZ transform has been constructed and applied to understand mirror symmetry in the semi-flat case [6, 32, 31, 17] and the toric case [1, 2, 19, 20, 21, 8, 10, 11, 9, 16, 14, 13, 18] . But in all of these works the primary focus was on Lagrangian sections and the mirror holomorphic line bundles the SYZ program produces. For higher rank sheaves, Abouzaid [3] applied the idea of family Floer cohomology to construct sheaves on the rigid analytic mirror of a given compact Lagrangian torus fibration without singular fiber. Recently, applications of the SYZ transform for unbranched Lagrangian multi-sections have been study by Kwokwai Chan and the author in [15] .
In this paper, we study the holomorphic tangent bundle T P 2 of P 2 in terms of mirror symmetry. Via SYZ construction, the mirror of P 2 is given by a Landau-Ginzburg model (Y, W ) (see Section 3 for a brief review). It carries a natural fibration p : Y → N R ∼ = R 2 , which is dual (up to a Legendre transform) to the moment map fibration of P 2 . Since T P 2 is naturally an object in the derived category D b Coh(P 2 ), it is natural to ask what is its mirror Lagrangian in Y . Being a rank 2 bundle, the mirror Lagrangian of T P 2 is expected to be a rank 2 Lagrangian multi-section of p : Y → N R with certain asymptotic conditions. As the base N R of the fibration p is simply connected, every unbranched covering map is trivial. But T P 2 is certainly indecomposable. Hence we are leaded to consider branched Lagrangian multi-section and the SYZ transform defined in [6, 15, 32] cannot be applied directly. To overcome this technicality, we introduce the notion of tropical Lagrangian multi-section and reconstruct T P 2 from this tropical object. Definition 1.1. (=Definition 4.1) Let B be an n-dimensional integral affine manifold without boundary. A rank r tropical Lagrangian multi-section is a triple L := (L, π, ϕ), where a) L is a smooth manifold. b) π : L → B a covering map of degree r with branch locus S ⊂ B and the induced smooth structure on L\π −1 (S) coincides with the affine structure induced from the unbranched covering map π| L\π −1 (S) : L\π −1 (S) → B\S. c) ϕ is a multi-valued function on L such that on any two affine charts U, V ⊂
for some m ∈ Z n and b ∈ R.
To obtain a tropical Lagrangian multi-section, we will first construct a family of Hermitian metrics {h } >0 on T P 2 by using a family of complex structures {J } >0 on P 2 induced from the polytope
and a choice of strictly convex function ψ : P → R. Denote by {X } >0 the resulting family of complex manifolds. Of course this family is trivial in the sense that every member is biholomorphic to P 2 . Nevertheless, if we equip P 2 with the toric symplectic structure ω, after rescaling by , the family of Kähler manifolds {(X , · ω)} >0 will degenerate to the polytope with metric Hess(ψ) (see Remark 4.3) . Hence we should think of the family {X } >0 degenerates to the large complex structure limit point as → 0. The polytope P also gives us a family of ample line bundle L → X (all of them are isomorphic to O(1) as holomorphic line bundles), which defines a family of isomorphisms ι : X → P 2 . Let ω F S be the Fubini-Study metric on P 2 . We put ω := ι * ω F S .
Together with the complex structure J , we obtain a family of Hermitian metrics {h } >0 on T P 2 . Let {∇ } >0 be the associated family of Chern connections. Let Σ be the fan corresponds to P 2 and v 0 , v 1 , v 2 be its primitive generators. The tropical Lagrangian multi-section is obtained by studying the limiting behavior of ∇ as → 0. We can cook up six linear functions ϕ ± k , k = 0, 1, 2, for which ϕ ± k are defined on σ k , the cone generated by the rays v i , v j , i, j = k. Let σ ± k be two copies of σ k and we consider ϕ + k (resp, ϕ − k ) as a function defined on σ + k (resp. σ − k ). A piecewise linear function ϕ and an integral affine manifold L can be obtained by gluing ϕ ± k : σ ± k → R together in a continuous manner. By projecting σ ± k to σ k , we obtain a map π : L → N R . The triple L := (L, π, −ϕ) forms a rank 2 tropical Lagrangian multi-section. See Section 4.1 for the detailed construction.
Let U k be the affine chart corresponds to the cone σ k . For each k, the linear functions ϕ ± k define a rank 2 equivariant bundle on U k by taking direct sum. The gluing of L tells us how to glue these rank 2 bundles together so that the equivariant structures agree on U ij := U i ∩ U j . We can write down three transition functions τ sf 10 , τ sf 21 , τ sf 02 for this naive gluing. However, this naive gluing is inconsistent. Indeed, we have
In order to obtain a consistent gluing, we modify the naive transition functions by three invertible factors Θ 10 , Θ 21 , Θ 02 . Put τ ij := τ sf ij Θ ij . Then these new transition functions satisfy (1) τ 02 J −1 τ 21 (Jτ 10 ) = I.
One may wonder why J is present in the equation. This is due to a choice of a U (1)-local system L defined on L 0 ∼ = N R \{0} with holonomy −1. A more detailed explanation will be given in Section 4.2. Equation 1 gives a rank 2 holomorphic vector bundle defined on P 2 , which we call it the instanton-corrected mirror of L. Moreover, we have Theorem 1.2. (=Theorem 4.9) The instanton-corrected mirror of the tropical Lagrangian multi-section L is isomorphic to the holomorphic tangent bundle T P 2 of P 2 .
In the last section, Section 4.3, we study the limiting behavior of the factors Θ ij . One will see that they behave very differently before and after crossing the rays v k . The precise statement is given by the following 
exponentially and grow exponentially after crossing the walls R v 0 , R v 1 , R v 2 , respectively.
The occurrence of this wall-crossing phenomenon indicates that the honest mirror Lagrangian multi-section of T P 2 bounds non-trivial holomorphic disks with those fibers supported on the rays v k , for k = 0, 1, 2.
In Appendix A, we will give detailed review of Fukaya's local model on caustic points and his construction of mirror bundle via deformation theory [22] , Section 6.4. This gives a symplecto-geometric explanation for the walling-crossing phenomenon in our reconstruction process.
In Appendix B, we follow [33] and give a construction of another tropical Lagrangian multi-section L by using the natural equivariant structure on T P 2 . One can also perform the reconstruction by using L . But two reconstruction processes have some fundamental differences. For instance, the local system L is absent if we use L as the tropical model. We will give a heuristic explanation to this difference in terms of special Lagrangian condition.
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Complex and symplectic geometry of P 2
We begin with reviewing some elementary facts about the complex projective plane P 2 .
Let N ∼ = Z 2 be a lattice of rank 2 and set
Let Σ be the fan with primitive generators v 0 :=(−1, −1)
The associate toric variety X Σ is the complex projective plane P 2 . The dense torus of P 2 can be identified with T N R /N . Letp : T N R /N → N R be the natural projection. Denote the coordinates on N R by ξ i and the fiber coordinates of π by y i . Complex coordinates on T N R /N are given by
The Picard group of P 2 can be described as
where ι : M → Z 3 is given by
The isomorphism Z 2 /ι(M ) ∼ = P ic(P 2 ) is explicitly given by
where D k ⊂ P 2 is the toric divisor corresponds to the ray v k , for k = 0, 1, 2.
Let
and U k ∼ = C 2 be the affine chart corresponds to the cone σ k , for k = 0, 1, 2. We can trivialize T P 2 on U k by
The transition functions τ ij := τ i • τ −1 j are given by
Now, we turn to symplectic geometry. Let
be the Fubini-Study form on P 2 . There is a Hamiltonian T 2 -action on (P 2 , ω F S ), defined by
The moment map µ : P 2 → P , when restricted to the dense torus T N R /N , takes the form
where |w| 2 := |w 1 | 2 + |w 2 | 2 . We can identify N R withP , the interior of P , via the differential of the minus of the function
Moreover, µ = −dφ •p and the Fubini-Study form can be written as
on the torus T N R /N .
The Fubini-Study form induces a Hermitian metric h on T P 2 . With respective to the frame { ∂ ∂w 1 , ∂ ∂w 2 }, the metric h is given by
In matrix form, we have
We can write down the Chern connection of h with respective to the holomorphic
Also note that the induced connection on det(T P 2 ) ∼ = O(3) is given by
SYZ mirror symmetry of P 2
We give a brief review of mirror symmetry of P 2 in this section. The mirror of P 2 is given by the Landau
and q > 0 is a positive constant. The complex coordinates z j are given by
where x i is the affine coordinates onP and y i are the fiber coordinates. One can equip Y with the standard symplectic structure
and the holomorphic volume form
Let p : Y → N R be the natural projection, which is clearly dual top : T N R /N → N R . For any Lagrangian section L of p : Y → N R with certain decay conditions at infinity (see [8] ), we can define its SYZ mirror line bundleĽ → P 2 together with a connection ∇Ľ, so that with respective to a local unitary frame1, one has
where (f 1 , f 2 ) are local defining equations of L. In fact, every such connection is compatible with the metric e −F , where F is a local potential function of the Lagrangian section L. In terms of the local holomorphic frame e −F1 , the connection becomes
As an example, we see that the connection
is precisely given by the SYZ transform of the Lagrangian section
A tropical Lagrangian multi-section associated to T P 2
In this section, we introduce the notion of tropical Lagrangian multi-section and construct one from a family of Hermitian metrics {h } >0 define on T P 2 . We then perform the reconstruction of T P 2 from the tropical Lagrangian multi-section. The wall-crossing phenomenon will be discussed in the last subsection.
We now introduce the following Definition 4.1. Let B be an n-dimensional integral affine manifold without boundary. A rank r tropical Lagrangian multi-section is a triple L := (L, π, ϕ), where a) L is a smooth manifold. b) π : L → B a covering map of degree r with branch locus S ⊂ B and the induced smooth structure on L\π −1 (S) coincides with the affine structure induced from the unbranched covering map π|
Definition 4.1 is a straightforward generalization of the notion of polarization in the famous Gross-Siebert program [23, 24, 25] . We also remark that the domain L can be disconnected in general. But in this paper, L is connected and the multivalued function ϕ is a single-valued continuous function.
4.1.
Construction of the tropical Lagrangian multi-section. In order to obtain a tropical Lagrangian multi-section from T P 2 , we construct a family {(X , ω )} >0 of Kähler manifolds.
The Legendre dual coordinates are denoted by
They are related to the original coordinates via
A straightforward calculation shows that
for some smooth function α : P → R so that if we choose > 0 small enough, α (x) > 0, for all x ∈P . These are precisely the compatibility conditions stated in [4, 5] , which guarantee the complex coordinates w i can be extended to P 2 . Thus, we get a family of complex manifolds {X } >0 .
Remark 4.2. In fact, the function ψ can be chosen quite arbitrarily. As long as ψ satisfies the compatibility conditions stated in [4, 5] .
The polytope P gives an ample line bundle L → X and hence a family of isomorphisms ι : X → P 2 . We define ω := ι * ω F S . Remark 4.3. More generally, given a projective toric manifold (X, ω) with toric symplectic structure ω and an ample line bundle L, Guillemin [27] proved that
where ι : X → P N is the holomorphic embedding and N + 1 = (P ∩ M ). Now, if we have a family {(X , L )} >0 of polarized toric manifolds with holomorphic embeddings ι : X → P N , then
[ω] = [ι * ω F S ] = c 1 (L ) and the Kähler metric · ω(J −, −) degenerates to the Hessian metric Hess(ψ) on the polytope P as → 0 (see [7] ). This fits into the context of SYZ conjecture [26, 29] that certain "good" representative (ω in this case) in c 1 (L ), after rescaling, degenerates to a metric on the base as the family approaching the larger complex structure limit point.
In terms of the complex coordinates w i , the Chern connection ∇ corresponds to h is given by
Put g i := ∂g P ∂xi and ψ i := ∂ψ ∂xi . Note that ψ 1 =2x 1 + x 2 + 1,
Let's compute the limit of each matrix entries as → 0. We decompose P into three pieces
All the limiting processes are uniform on compact subsets ofP 0 ,P 1 ,P 2 .
As a summary, if we restrict ∇ to a non-degenerate fiber µ −1 (x) and pull back it to the universal cover N R,x , the connection ∇ | N R,x degenerates to the following
(2)
The Legendre transform −dφ : N R →P (see Figure 1 ) carries the three rays v 1 , v 2 , v 0 to the three rays v * 0 :
Hence −dφ(σ i ) =P i and we can rewrite 2 as
Now we construct a tropical Lagrangian multi-section from 3. For each cone σ k , we let σ ± k be two copies of σ k . Define six linear functions
We obtain a cone complex (see [33] for precise definition of cone complex) Σ SY Z T P 2 by gluing σ ± 0 with σ ∓ 1 and σ ∓ 2 along v 1 and v 2 , respectively, and glue σ ± 1 with σ ∓ 2 along v 0 . The underlying topological space |Σ SY Z T P 2 | is homeomorphic to N R and the projection map π : |Σ SY Z T P 2 | → |Σ| given by mapping σ ± k → σ k can be identified with the square map z → z 2 on C. Moreover, {ϕ ± k } glue to a piecewise linear function ϕ on |Σ SY Z T P 2 |. If we take the "trace" of ϕ, we obtain the piecewise linear function corresponds to the toric line bundle O(3D 0 ), which is of course isomorphic to det(T P 2 ) as a holomorphic line bundle. We denote the underlying topological space |Σ SY Z T P 2 | by L. Remark 4.5. One should think of the manifold L and the differential of the function −ϕ as the tropical limit of certain rank 2 Lagrangian multi-section of p : Y → N R that is mirror to T P 2 . If we formally apply the SYZ transform to the Lagrangian multi-section −dϕ : L → Y , we obtain 2. See [15] for precise definition of SYZ transform of unbranched Lagrangian multi-sections.
4.2.
Reconstructing T P 2 from the tropical Lagrangian multi-section. The functions ϕ ± k , k = 0, 1, 2, correspond to six equivariant line bundles:
Hence give rise to three equivariant rank 2 bundles on each affine charts:
The (C × ) 2 -action on each piece is given by (see Section 2 for notations)
According to the gluing of (Σ SY Z T P 2 , ϕ) and to preserve the equivariant structures 4, we have the naive transition functions
Remark 4.6. The sign convention can be chosen arbitrarily as long as det(τ sf ij ) is the transition function of O(3) on the chart U ij , for all i, j = 0, 1, 2.
However, we have
which means they cannot be glued to an equivariant bundle on P 2 ! In order to obtain a consistent gluing, we have to modify each τ sf ij by an invertible factor. Let The present of J can be understood as a U (1)-local system L with holonomy −1 defined on L 0 , where L 0 is identified with N R \{0} under the identification L = |Σ SY Z T P 2 | ∼ = N R . The construction of L is as follows: we cover N R \{0} by two charts V 1 , V 2 , obtained by deleting the rays R ≥0 v 2 , R ≥0 v 1 , respectively. Then we can cover L 0 by
We define L by declaring its transition functions on each overlapping region: Figure 2 . Pushing forward L to N R \{0} via π, we obtain a rank 2 local system on N R \{0} with transition functions given by I on π(V + 1 ∩V + 2 ) and J on π(V + 1 ∩V − 2 ). This rank 2 local system contributes when one goes into the cone for which J is present. This explains the appearance of J and J −1 in Equation 5. One compares this reconstruction process with the construction given in [22] , Section 6.4. or Appendix A, by using deformation theory.
Remark 4.8. We can also put −1 on V ± 1 ∩ V ± 2 and 1 on V ± 1 ∩ V ∓ 2 . Equation 5 will not be affected by this change as J −1 = −J. Proposition 4.7 gives a rank 2 holomorphic vector bundle E on P 2 , which we called the instanton-corrected mirror of the tropical Lagrangian multi-section L. Furthermore, we have Theorem 4.9. The instanton-corrected mirror of the tropical Lagrangian multisection L is isomorphic to the holomorphic tangent bundle T P 2 of P 2 .
Proof. We define f : T P 2 → E by
Then we have
Hence f defines an isomorphism. Remark 4.10. As pointed out by Fukaya [22] , the local system L (which he called an orientation twist) and the sign difference between Θ 21 and Θ 10 , Θ 02 are related to the orientation of certain moduli space of holomorphic disks. Another worth mentioning point is that, in the same paper, Fukaya made a remark (Remark 4.5) that a caustic point of a 2-dimensional special Lagrangian can always be modeled by (C 2 , L), where L := {(x 2 ,x) ∈ C 2 : x ∈ C}. In our reconstruction of T P 2 , we use the family of Hermitian metrics {h } >0 , which is a family of Hermitian-Einstein metrics. Hence {∇ } >0 is a family of Hermitian-Yang-Mills connections. Since Hermitian-Yang-Mills condition is supposed to be mirror to special Lagrangian condition [32] in dimension 2, the tropical Lagrangian multi-section L, which is obtained from the degeneration of {∇ } >0 , should be a tropical limit of a rank 2 special Lagrangian multi-section of p : Y → N R . That's why the local system L and the sign difference appear naturally in our reconstruction process. In this section, we study their asymptotic behavior as → 0. We will see that these matrices are the wall-crossing factors of the tropical Lagrangian multi-section L by showing that they admit a "jump discontinuity" along the rays v 0 , v 1 , v 2 (or v * 0 , v * 1 , v * 2 by taking the Legendre transform −dφ) as → 0. The coordinates w i j can be written in terms of the SYZ coordinates w i as
Hence
From these equalities, we see that as → 0,
exponentially. As before, we pull everything back to N R via the Legendre transform −dφ, so we obtain Theorem 4.11. As → 0, the invertible factors Θ 10 , Θ 21 , Θ 02 satisfy
exponentially and grow exponentially after crossing the walls
This kind of jump discontinuity has been appeared and studied in [12] for the closed-string setting (see also [30] ). The authors studied the asymptotic behavior of (the gauge) of an ansatz, which, roughly speaking, is defined by the (Log of the) wall-crossing factor. Such wall-crossing phenomenon of Θ ij 's indicates that the honest Lagrangian multi-section of p : Y → N R , which is supposed to be mirror to T P 2 , bounds non-trivial holomorphic disks with those fibers supported on the half rays R >0 v k , for k = 0, 1, 2. We also refer interested reader to Appendix A for a more symplecto-geometric explanation.
Remark 4.12. One may wonder why we expect the honest Lagrangian multi-section only bounded non-trivial holomorphic disks along the half rays R >0 v k but not on the whole line R v k as the wall-crossing factors jump along R v k . The reason is due to the jumping phenomenon 3 of ∇ | N R,ξ as → 0 along the three rays R >0 v k , k = 0, 1, 2.
Appendix A. Local model for caustics
In this appendix, we give a detailed review on Fukaya's local model on caustic points [22] , Section 6.4.
Let B := C and X := C 2 . Equip X with the standard symplectic structure ω = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 and holomorphic volume form
where z i = x i + √ −1y i are the standard complex coordinates on X. After a hyperkähler rotation, we have complex coordinates
Fukaya considered the Lagrangian
With respective to p : X → B, the projection onto the first coordinate, L is a special Lagrangian multi-section of rank 2. Parameterizing L in terms of polar coordinates: Proof. In polar coordinates, we have
Then the gradient flow equation where C is a real constant. If the gradient flow lines start from the origin, then we have C = 0. Hence the gradient flow lines are precisely those straight lines along the directions
The 3 gradient flow lines emitting from the origin of B, namely,
should correspond to three holomorphic disks bounded by L and those fibers of p : X → B supported on these rays. Letp :X → B be the dual fibration of p : X → B and define
Equip L 0 := L\{0} with a local system L with holonomy −1. The mirror bundle E 0 of (L\{0}, L) has local holomorphic frameě 1 ,ě 2 onX >0 . More precisely, e j = e − 2π fi1 i , i = 1, 2, The monodromy action around the fiber {(0, 0)} × T 2 is given by
Let∂ 0 be the Dolbeault operator of E 0 . We need extend this complex structure to the whole space X. Let's delete a small disk D around the origin of B. Let δ > 0 be small and b δ be a 1-from on R, supported on [−δ, δ] and R b δ = 1. Define three elements in A 0,1 (X >0 , End(E 0 )):
where Hev : R → R is the Heaviside function:
j , j = 0, 1, 2, are the orthogonal projections:
and F is the map sending dx i to dz i . By choosing δ > 0 small enough (such a choice of δ depends on the radius of the disk D), we may assumeB 0 ,B 1 ,B 2 have disjoint support onp −1 (B >0 \D). Leť
Since the support ofB i 's are all away from the ray {(x 1 , x 2 )|x 1 ≤ 0},B can be extended top −1 (B\D). Clearly,∂ 0B = 0 and [B,B] = 0 sinceB j 's have disjoint support. Therefore, we have∂
which means∂ 0 +B defines a holomorphic structure on the rank 2 complex vector bundle E 0 |p−1 (B>0\D) .
Proposition A.2. The holomorphic structure∂ 0 +B is monodromy free around the fiberp −1 (0). Hence (E 0 ,∂ 0 +B) extends to a holomorphic bundle E onX.
Proof. We construct an explicit holomorphic frame for (E 0 ,∂ 0 +B) and show that it is monodromy free along the fiberp −1 (0). To do this, we cover B\D by three charts
Now, one computes that
are holomorphic frames of (E 0 ,∂ 0 +B) on chartsp −1 (U 0 ),p −1 (U 1 ),p −1 (U 2 ), respectively. Let {ě 1 ,ě 2 } be the∂ 0 -holomorphic frame onp −1 (B <0 ). Using the transition function 
Note that on the overlappingp −1 (U i ∩ U j ) for i = j, the integrals are either 0 or 1. Using this fact, the transition functions are shown to be 
which composed to the identity. The last one involves the inverse of the transition function of E 0 because we need to go from {ě 1 ,ě 2 } back to {ě 1 ,ě 2 }. Hence (E 0 ,∂ 0 + B) is monodromy free along the fiberp −1 (0).
Appendix B. A cone complex of T P 2
In this appendix, we give another of construction of a cone complex corresponds to T P 2 by following [33] (with some modifications).
On each affine chart U k , k = 0, 1, 2, the tangent bundle splits equivariantly as
for i, j, k distinct. One constructs a cone complex Σ T P 2 as follows: Let σ ki , σ kj be two copies of the cone σ k . They are responsible for O(D i )| U k and O(D j )| U k , respectively. We have the correspondence between toric line bundles and supporting functions: Let Σ T P 2 be obtained by gluing σ ij so that the function ϕ | σij := ϕ ij is continuous. Explicitly, σ ij is glued with σ ji and σ ik is glued with σ jk , both gluing processes are obtained by identifying their common ray v k for i, j, k distinct. The projection π : |Σ T P 2 | → |Σ| is given by projecting σ ij to σ i . The space |Σ T P 2 | is homeomorphic to N R and the projection π : |Σ T P 2 | → |Σ| is a 2-fold branched covering, which can be identified with the map z → z 2 on C. Denote the underlying topological space |Σ T P 2 | by L . The triple L := (L , π , −ϕ ) clearly defines a tropical Lagrangian multi-section. One can also perform a naive gluing for O(D i )| U k ⊕ O(D j )| U k , k = 0, 1, 2, respecting the equivariant structures (λ 1 , λ 2 ) · (w 1 0 , w 2 0 , v 1 0 , v 2 0 ) =(λ 1 w 1 0 , λ 2 w 2 0 , λ 1 v 1 0 , λ 2 v 2 0 ), (λ 1 , λ 2 ) · (w 0 1 , w 2 1 , v 0 1 , v 2 1 ) =(λ −1 1 w 0 1 , λ −1 1 λ 2 w 2 1 , λ −1 1 v 0 1 , λ −1 1 λ 2 v 2 1 ), (λ 1 , λ 2 ) · (w 0 2 , w 1 2 , v 2 0 , v 1 2 ) =(λ −1 2 w 0 2 , λ 1 λ −1 2 w 1 2 , λ −1 2 v 0 2 , λ 1 λ −1 2 v 1 2 ), and cook up three wall-crossing factors Θ ij by comparing with the transition functions τ ij of P 2 . However, in this case, the calculation shows that we don't need to equip L 0 ∼ = N R \{0} with any local system and the sign of all three wall-crossing factors are the same! This suggests that, around the caustic point, any smoothing of the tropical Lagrangian multi-section L cannot be modeled (see Appendix A) locally by L := {(x 2 ,x) ∈ C 2 : x ∈ C}. More precisely, one expects that there is no fiberwise preserving symplectomorphism that can identify any neighborhood of (Y, L ) with any neighborhood of (C 2 , L) around the caustic point. This is reasonable. First of all, the local model of a caustic point highly depends on the choice of a Lagrangian embedding L → Y rather than just the covering map π : L → N R itself. Secondly, there is no evidence (see Remark 4.10) to believe that L is a tropical limit of a special Lagrangian submanifold of Y , so one cannot expect the local model is given by (C 2 , L).
